Iterative Methods for Linear Systems

We present the basic concepts for three of the most fundamental and well known iterative
techniques for solving a system of linear equations of the form 𝐴𝑥 = 𝑏. Iterative techniques have
become increasingly important since the advent of scientific computing and its use for solving
large systems of linear equations [1]. Numerical methods for solving differential equations are
used in applications ranging from thermal modeling of transistors, structural modeling of
bridges, determining the stress profile in airplane components and biomedical devices, and has
countless other applications. Often these techniques yield very large and sparse matrices, for
which direct methods may be slow and prone to round off error [2]. It was Gauss in 1823 who
first presented a technique for “guessing” a solution to a linear system and iteratively improving
this solution until an “acceptable” solution is reached. He even noted that this “indirect
procedure can be done while one is half asleep” which explains why these methods are readily
adapted to solving systems via computers [3]. Therefore, iterative methods are widely used in
many disciplines. In this report we present algorithms for the Jacobi Method, Gauss-Seidel
Method, and Successive Over Relaxation Method, in addition we work simple examples to
demonstrate the concepts, as well as providing pseudo code for Matlab implementation. In
addition we explore the question of when do these methods converge to the exact solution as
well as what is the rate of this convergence. Finally, we present a comparison between the rates
of convergence of each method.

The Jacobi Method
The Jacobi Method is a simple iterative method for solving a system of linear equations.
The basic idea of the method is to continually solve for each diagonal element until convergence
is reached. The method is very simple, but unfortunately does not converge for all linear systems.
Before introducing the algorithm for using the Jacobi Method, the conditions for using the matrix
will be discussed.
System of Equations. The Jacobi Method is designed to work for linear systems that have the
corresponding matrix equation Ax = b. The matrix A should be an n x n square for the Jacobi
Method to work properly. The vectors x and b should have length n that matches the matrix
dimensions.
Diagonal dominance. The matrix A must also be diagonally dominant in order to guarantee the
convergence of the Jacobi Method. Specifically, the Jacobi Method is guaranteed to converge if
the matrix A has row diagonal dominance. Diagonal dominance means that the absolute value of
the diagonal element is greater than the sum of the absolute values of the other terms in the row.
Simply put, |aii| > ∑|aij| for i≠j [3].

Example 1. Determine if the following matrix A is diagonally dominant:
A=

The absolute value of the first diagonally element is |3|=3. Comparing that value to the other terms
in the row it is seen that |3| > |-1| + |1| or 3 > 2. Now using the same approach for rows 2 and 3 it
is seen that |6| > |0| + |-2| and |-8| > |2| + |-4|. Thus, the matrix A is diagonally dominant.
Decomposition of Matrices. The first approach to using the Jacobi Method is to treat the linear
system as a matrix system. As stated earlier, the matrix equation corresponding to the linear system
is Ax=b. The first step in implementing the Jacobi Method is to break the matrix A into two parts;
the diagonal component D and the remainder R so that A = D + R.
Example 2. Decompose the matrix A from example 1 into the diagonal and remainder matrices.

A

=

D

+

R

Jacobi Method using Matrices. After splitting the matrix A into the diagonal and remainder
matrices, the vector x is solved for using the equation x(k+1) = D-1 (b - Rx(k)) until a desired
convergence is reached [4]. In order to begin using this equation an approximation must be made
for the first term x(0). It is often convenient to use x(0) = [0 … 0]T to ease computational load
especially if the method is done by hand. Another common approximation is x(0) = [1 … 1]T.

Example 3. Use the Jacobi Method to find x(1) for the following linear system using x(0) = [0 0]T:

Note on simplicity. The simplicity of the Jacobi Method can be seen if one treats D-1b and D-1R
as constants. Notice:

Jacobi Method using Equations. Another way to use the Jacobi Method is by keeping the linear
system of equations in equation form. Of course, it is important to remember to check if the system
is diagonally dominant before proceeding with this method. To implement the Jacobi Method in
this way, each equation is rearranged to solve for the diagonal element. Once the equations are
rearranged, the approximate values of x(n) are plugged in to find x(n+1). The previous example will
be used again to show this method.
Example 4. Solve example 3 again but do not use the matrix form.

Example 5. Solve example 4 up to x(5).

Algorithm for using the Jacobi Method. The easiest way to implement the Jacobi Method in a
computer program like MatLab is to use the matrix form of the linear system. An important thing
to remember is that in a program like MatLab the matrixes are best solved element by element.
The following algorithm can be used to implement the Jacobi Method:
 Set the initial approximation x(0)
 While convergence is not reached:



Or equivalently:

 End when convergence is reached [3]
Of course, in order for the algorithm to end, there must be a definition for convergence. Some
possible definitions include a set number of iterations, or a tolerance level (i.e. x - x(k) ≤ T). The
problem with these definitions of convergence is that they may not get a satisfactory answer or are
impossible to implement. Thus, a more practical definition of convergence is a tolerance level for
successive iterations (i.e. x(k+1) – x(k) ≤ T). It is also common to set a maximum number of iterations
to avoid iterating forever (especially if the method does not convergence for a matrix).
Convergence. The condition for convergence for iterative methods is that the spectral radius must
be less than 1. The spectral radius of the Jacobi Method is ρ(D-1R) < 1. The definition of ρ(M) is
the maximum eigenvalue of M, or max{|λ1|, |λ2|, … , |λn|}. For the Jacobi Method, ρ(M) = ρ(D-1R),
which is equivalent to:

Looking closely at the definition of convergence for the Jacobi Method, it is clearly seen that if
the matrix A is diagonally dominant, the method will converge [6].
Jacobi Method vs. Gaussian Elimination. To conclude the discussion of the Jacobi Method,
some comparisons will be made with Gaussian Elimination. Gaussian Elimination is more accurate
than the Jacobi Method, since it finds the exact solution. Gaussian Elimination is easier to solve
for smaller matrices, since it does not require multiple iterations. Gaussian Elimination also does
not have the same restrictions on the matrix A as the Jacobi Method, so it can be used for more
linear systems. The advantage of the Jacobi Method is that it is less costly than Gaussian
Elimination, so it is cheaper to implement. The Jacobi Method is much better suited for solving
large linear system of equations. It only requires two vectors for storage, x (k) and x(k+1). Although
the Jacobi Method is very simple and cheap to implement, it does not converge very quickly. Thus,
there are other methods such as the Gauss-Seidel method and the Successive Over Relaxation
method that were created to converge faster.

Gauss Seidel Iterative Method
The Gauss Seidel method is very similar in principle to the Jacobi method and was
created to improve the Jacobi method. The advantages of the Gauss Seidel method are that only
one storage vector is required, round off error is reduced, and the number of iterations is
drastically reduced compared to the Jacobi method. The disadvantages of using this method are
that the computations cannot be done in parallel and that the results depend on the initial
equations.
Why use Gauss-Seidel over Gaussian Elimination
Firstly, in Gauss elimination, the only way you can control the round-off error is by either
by choosing Gauss elimination with partial pivoting, or by increasing the number of bits you use
to store your numbers, going from single precision to double precision, or to quad precision, but
here, because it's an iterative procedure, you can control the round-off error, because you can
stop the procedure as soon as the absolute relative approximate error is less than some pre-

specified tolerance. You don't have that luxury in Gauss elimination. Secondly, for large
matrices it becomes much faster to solve a system using the Gauss Seidel method. [6]
Requirements for Convergence
The Gauss Seidel method first requires that there are no zero diagonal entries on the matrix A
(Ax=b). Secondly, to guarantee convergence the Gauss Seidel method requires that one of the
following is true:
1. A is symmetric positive definite
 A matrix A is positive definite if 𝑧 𝑇 𝐴𝑧 is positive for every non-zero column
vector z
2. A is strictly or irreducibly diagonally dominant
 A matrix is diagonally dominant if the sum of the elements on the diagonal are
greater than or equal to the sum of the other elements. [7]
|𝑎𝑖𝑖 | ≥ ∑|𝑎𝑖𝑗 |
𝑗≠𝑖

Spectral Radius
The spectrum of matrix A is the set of eigenvalues of A and is given by 𝜌(𝐴). For an
iterative method the reduction matrix of the method is given by G. In the case of Gauss Seidel
the reduction matrix 𝐺 = −(𝐷 + 𝐿)−1 ∗ 𝑈. For an iterative method if |𝜌(𝐺)| < 1 then the
iterative method is guaranteed convergence. Additionally for any iterative method the error in the
kth step can be given as 𝜀𝑘 = 𝐺 𝑘 𝜀0. The number of iterations required for 10−𝑑 accuracy is
−𝑑

roughly given by ~ log(𝜌(𝐺)) . [8]
Proof of Convergence
1. The reduction matrix G always has n linearly independent eigenvectors 𝑒1 , … , 𝑒𝑛 with
corresponding eigenvalues 𝜆1 , … , 𝜆𝑛 .
2. Therefore {ei} is a basis and 𝜀0 = ∑𝑛𝑖=1 𝑐𝑖 𝑒𝑖 for some constants ci
3. Then 𝜀1 = 𝐺𝜀0 = ∑𝑛𝑖=1 𝑐𝑖 𝑒𝑖 𝜆𝑖 and 𝜀𝑘 = 𝐺𝜀𝑘−1 = ∑𝑛𝑖=1 𝑐𝑖 𝑒𝑖 𝜆𝑘𝑖
4. So if |𝜆𝑖 | < 1 for all i then 𝑒𝑘 → 0 𝑎𝑠 𝑘 → 0
5. Therefore the iteration converges if and only if the eigenvalues of G all have absolute
value less than one.
Solving the System
The Gauss Seidel method is defined by the iteration 𝐿𝑥 (𝑘+1) = 𝑏 − 𝑈𝑥 (𝑘) . Where 𝑥 𝑘 is the kth
iteration of x, L is a lower triangular matrix, and U is an upper triangular matrix, such that
A=U+L. Solving for x gives 𝑥 (𝑘+1) = 𝐿−1 (𝑏 − 𝑈𝑥 (𝑘) ). Because L is lower triangular we can use
1
(𝑘+1)
(𝑘+1)
(𝑘)
forward substitution to solve resulting in 𝑥𝑖
= 𝑎 (𝑏𝑖 − ∑𝑗<𝑖 𝑎𝑖𝑗 𝑥𝑗
− ∑𝑖<𝑗 𝑎𝑖𝑗 𝑥𝑗 .
𝑖𝑖

Computational Complexity
The computation complexity of the Gauss Seidel method is given by 𝑂(𝑛2 ) for each
(𝑘+1)

iteration. This can be clearly seen when looking at the formula 𝑥𝑖
∑𝑗<𝑖 𝑎𝑖𝑗 𝑥𝑗(𝑘+1)

1

= 𝑎 (𝑏𝑖 −

∑𝑖<𝑗 𝑎𝑖𝑗 𝑥𝑗(𝑘) .

𝑖𝑖

−
Looking at this formula we can equate the summations to simply
multiplying a column vector of length n-1 times a constant, which has computational complexity
of 𝑂(𝑛). The subtraction and the division are trivial compared to the complexity of the vector
multiplication, so we can simply ignore them. However, we do have to compute the vector
multiplication n times, once for each element in 𝑥 (𝑘+1) . This results in (𝑛 ∗ 𝑛) = 𝑂(𝑛2 ) .
Although both the Jacobi method and the Gauss Seidel method have the same complexity the
Gauss Seidel method is more efficient because it requires less iterations to solve the system. [9]
Gauss-Seidel Example (Equation Form)
12𝑥1 + 3𝑥2 − 5𝑥3 = 1
𝑥1 + 5𝑥2 + 3𝑥3 = 28
3𝑥1 + 7𝑥2 + 13𝑥3 = 76
Find (𝑥1 , 𝑥2 , 𝑥3 ) after 2 iterations. Starting from (𝑥1 , 𝑥2 , 𝑥3 ) = (1, 0, 1)
Rewrite the system of equations:
𝑥1 = 

1 − 3𝑥2 + 5𝑥3
12

𝑥2 = 

28 − 𝑥1 − 3𝑥3
5

𝑥3 = 

76 − 3𝑥1 − 7𝑥2
13

Iteration #1
Substitute (𝑥1 , 𝑥2 , 𝑥3 ) = (1, 0, 1) into above equation
𝑥1 = 

1 − 3(0) + 5(1)
= 0.5
12

Substitute (𝑥1 , 𝑥2 , 𝑥3 ) = (0.5, 0, 1) into above equation
𝑥2 = 

28 − 0.5 + 3(1)
= 4.9
5

Substitute (𝑥1 , 𝑥2 , 𝑥3 ) = (0.5, 4.9, 1) into above equation
𝑥3 = 

76 − 3(0.5) − 7(4.9)
= 3.0923
13

Error Analysis:
New (𝑥1 , 𝑥2 , 𝑥3 ) = (0.5, 4.9, 3.0923)
Old (𝑥1 , 𝑥2 , 𝑥3 ) = (1, 0, 1)
0.5 − 1
|𝜖𝑎1 | = |
| × 100 = 100%
0.5
|𝜖𝑎2 | = |

4.9 − 0
| × 100 = 100%
4.9

The errors turn out to be 100%
3.0923 − 1
| × 100 = 67.662%
3.0923

|𝜖𝑎3 | = |

The error of 𝑥3 is 67.662%
To find the maximum number of three error
max(100, 100, 67.662) = 100%
The maximum absolute relative approximate error is 100%
Iteration #2
(𝑥1 , 𝑥2 , 𝑥3 ) = (0.5, 4.9, 3.0923)
𝑥1 = 

1 − 3𝑥2 + 5𝑥3 1 − 3(4.9) + 5(3.0923)
=
= 0.14679
12
12

(𝑥1 , 𝑥2 , 𝑥3 ) = (0.14679, 4.9, 3.0923)
𝑥2 = 

28 − 𝑥1 − 3𝑥3 28 − 0.14679 − 3(3.0923)
=
= 3.7153
5
5

(𝑥1 , 𝑥2 , 𝑥3 ) = (0.14679, 3.7153, 3.0923)
𝑥3 = 

76 − 3𝑥1 − 7𝑥2 76 − 3(0.14679) − 7(3.7153)
=
= 3.8118
13
13

We get (𝑥1 , 𝑥2 , 𝑥3 ) = (0.14679, 3.7153, 3.8118)
Error analysis:
New (𝑥1 , 𝑥2 , 𝑥3 ) = (0.14679, 3.7153, 3.8118)
Old (𝑥1 , 𝑥2 , 𝑥3 ) = (0.5, 4.9, 3.0923)
0.14679 − 0.5
|𝜖𝑎1 | = |
| × 100 = 240.61%
0.14679

|𝜖𝑎2 | = |

3.7153 − 4.9
| × 100 = 31.889%
3.7153
3.8118 − 3.0923
| × 100 = 18.874%
3.8118

|𝜖𝑎3 | = |

To find the maximum number of three error
max(240.61, 31.889, 18.874) = 240.61%
Continue doing the iteration. We get the following table.
max|𝜖𝑎 |%
100
240.6
80.23
…
0.743

Iteration
1
2
3
…
6
The error is getting smaller and smaller.

In the 6th iteration, (𝑥1 , 𝑥2 , 𝑥3 ) = (0.99919, 3.00001, 4.00001)
By using Matlab, the exact answer is (𝑥1 , 𝑥2 , 𝑥3 ) = (1, 3, 4)
In conclusion, by doing more iterations, we are going to get closer and closer to the exact value.
The solution converges. [11]

Example 2 (Matrix Form)
7 1
A=[
]
1 4

8
𝑏=[ ]
10

A quick matlab computation gives 𝐺 = [

0 −.1429
]
0 . 0357

with 𝜆 = 0, .0357

Clearly the max eigenvalue of G is less than 1, therefore 𝜌(𝐺) < 1 and the Gauss Seidel method
is guaranteed convergence.
𝐿=[

7 0
]
1 4

0
𝑈=[
0

1
]
0

1
𝑥 (0) = [ ]
1

1
0
0
0 1
𝑇 = −𝐿−1 𝑈 = − [ 7
][
]=[
1 1 0 0
−
0
28 4
1
0
8/7
8
𝐶 = 𝐿−1 𝑏 = [ 7
][ ] = [
]
1 1 10
31/14
−
28 4
𝑥 (𝑘+1) = 𝑇𝑥 (𝑘) + 𝐶

1
7]
1
28

−

𝑥 (1) = 𝑇𝑥 (0) + 𝐶 = [

0

𝑥 (2) = 𝑇𝑥 (1) + 𝐶 = [

1
7] [ . 821 ] + [ 8/7 ] = [ . 815 ]
1 2.294
31/14
2.296
28

0 −
0

𝑥 (4) = 𝑇𝑥 (3) + 𝐶 = [

1
7] [ 1 ] + [ 8/7 ] = [ . 821 ]
1 9/4
31/14
2.294
28

0 −
0

𝑥 (3) = 𝑇𝑥 (2) + 𝐶 = [

1
7] [1] + [ 8/7 ] = [ 1 ]
1 1
9/4
31/14
28

0 −

1
7] [ . 815 ] + [ 8/7 ] = [ . 8148 ]
1 2.296
31/14
2.2963
28

0 −
0

As you can see at some point the difference in successive solutions will be below a
“tolerance” which signifies that you can stop. In this case 4 iterations results in an answer
accurate to the ten thousandth place.

When to Stop Iterating
Because it requires the actual solution to calculate the error at each iteration it doesn’t
make sense to have the number of iterations depend on the error. Therefore we look at how much
the solution changes after each iteration and when the change between successive iterations
becomes sufficiently small we stop.

Matlab Implementation (using inverse)

Matlab Implementation (no inverse)

Successive Over-Relaxation
Successive Over-Relaxation (SOR) is a generalization of the Gauss-Seidel Method,
developed by David Young for his Ph.D. thesis[12]. First we consider the practical implication
of this method and compare the algorithms of the Jacobi, Gauss-Seidel, and SOR Methods. Then
we will turn to the theoretical aspects governing convergence.
Algorithm for using the Successive Over Relaxation Method.
Just like the Jacobi and Gauss-Seidel Methods, we will use the matrix form of the linear system
to implement the SOR Method in computer programs such as Matlab. Below contains a more
detailed algorithm of the SOR Method [13]:




Set the initial approximation x(0), 𝜔 (the relaxation parameter), TOL (the tolerance), and
N (the maximum number of iterations)
Create a loop, let k = 1
While convergence is not reached, |𝑥 − 𝑥 (0) | > 𝑇𝑂𝐿, or𝑘 < 𝑁, do the following:



For 𝑖 = 1, … , 𝑛, Set 𝑥𝑖 = (1 − 𝜔)𝑥𝑖



Set 𝑘 = 𝑘 + 1, 𝑥𝑖



End loop if convergence is reached, |𝑥 − 𝑥 (0) | < 𝑇𝑂𝐿, or𝑘 > 𝑁

(0)

(0)

(0)

𝑛
+ 𝜔/𝑎𝑖𝑖 [𝑏𝑖 − ∑𝑖−1
𝑗=1 𝑎𝑖𝑗 𝑥𝑗 − ∑𝑗=𝑖+1 𝑎𝑖𝑗 𝑥𝑖 ]

= 𝑥𝑖

Comparison of the Jacobi, Gauss-Seidel, and SOR Method. Below, we have a side-by-side
comparison of the three aforementioned methods [14].
Jacobi

Gauss-Seidel

SOR

From the table above, we can see that the Gauss-Seidel Method is the SOR Method with𝜔 = 1.
Theory
The most general form of the SOR method can be written by splitting the coefficient matrix A
(recall we are solving the linear system corresponding to Ax=b) as follows:
𝐴 = (𝜔−1 𝐷 + 𝐿) + ((1 − 𝜔−1 )𝐷 + 𝑈)

The definitions of the matrices appearing above are as follows: L is the strictly lower
triangular portion of A, D is the diagonal portion of A, and U is the strictly upper triangular
portion of A. Under this splitting our system can be re-written as:
(𝜔−1 𝐷 + 𝐿)𝑥 = ((𝜔−1 − 1)𝐷 − 𝑈)𝑥 + 𝑏
This leads to the natural choice for the iteration,
(𝜔−1 𝐷 + 𝐿)𝑥 𝑘+1 = ((𝜔−1 − 1)𝐷 − 𝑈)𝑥 𝑘 + 𝑏
Two things to note is that this iteration reduces to Gauss-Seidel when the relaxation
parameter ω is equal to 1. In addition we note that the iteration is consistent, i.e. if the solution
vector x is provided as the guess,𝑥 𝑘 = 𝑥, then 𝑥 𝑘+1 = 𝑥. The procedure for obtaining the
solution is identical to that presented earlier for Gauss-Seidel, and will not be discussed here.
Instead we will focus on the convergence properties of this method.
To examine whether this iterative method does converge to the correct solution, as well
as the rate of this convergence, we introduce the recurrence relation for the error. The error
vector at the k-th iteration is defined as 𝑒 𝑘 = 𝑥 𝑘 − 𝑥 where x is the vector solving𝐴𝑥 = 𝑏, then
the recurrence relation can be written as
𝑒 𝑘+1 = 𝐺𝑒 𝑘
𝐺 = (𝜔−1 𝐷 + 𝐿)−1 ((𝜔−1 − 1)𝐷 − 𝑈)
Through induction, one can see that:
𝑒𝑘 = 𝐺𝑘𝑒0
Written in this form we can see that the convergence of the SOR method depends on the
properties of the reduction matrix G. More precisely we state that if 𝐴 ∈ 𝐶 𝑛𝑥𝑛 is a Hermitian
positive definite matrix, G is Hermitian, and 𝜔 ∈ (0,2) then the SOR method converges for any
starting iterate.
Proof [15]
For convenience we introduce the matrix 𝑄 = (𝜔−1 𝐷 + 𝐿) which allows us to write the
reduction matrix as 𝐺 = 𝑄 −1 ((𝜔−1 − 1)𝐷 − 𝑈). Now consider (I is identity matrix)

𝐼 − 𝐺 = 𝐼 − [𝑄 −1 (𝜔−1 − 1)𝐷 − 𝑄 −1 𝑈]
= 𝑄 −1 [𝑄 + (1 − 𝜔−1 )𝐷 + 𝑈]
= 𝑄 −1 𝐴(1)
Now let x be any eigenvector of G with a corresponding eigenvalue λ so that 𝐺𝑥 = 𝜆𝑥 or
(𝜆𝐼 − 𝐺)𝑥 = 0. Furthermore, let y be the vector defined as 𝑦 = (𝐼 − 𝐺)𝑥 = (1 − 𝜆𝑥), note that
𝑥, 𝑦 ∈ 𝐶 𝑛𝑥𝑛 . Therefore from (1) it can be seen that:
𝑄𝑦 = 𝐴𝑥(2)

So,
(𝑄 − 𝐴)𝑦 = 𝐴(𝑥 − 𝑦)
= 𝐴[𝑥 − (𝐼 − 𝐺)𝑥]
= 𝐴[𝑥 − 𝑥 + 𝐺𝑥]
= 𝜆𝐴𝑥(3)
To proceed with the proof we will make use of the inner product which is defined as
(𝑥, 𝑦) = ∑𝑖 𝑥𝑖 𝑦̅𝑖 where the overbar denotes the complex conjugate. With this definition in hand
we introduce the following expressions:
(𝑄𝑦, 𝑦) = (𝐴𝑥, 𝑦)(4)
(𝑦, (𝑄 − 𝐴)𝑦) = (𝑦, 𝜆𝐴𝑥)(5)
In obtaining the above equalities we used equations (2) and (3) . Now rewrite equation
(4) as follows:
(𝑄𝑦, 𝑦) = (𝐴𝑥, 𝑦)
((𝜔 𝐷 + 𝐿)𝑦, 𝑦) = (𝐴𝑥, (1 − 𝜆)𝑥)
−1 (𝐷𝑦,
𝜔
𝑦) + (𝐿𝑦, 𝑦) = (1 − 𝜆̅)(𝐴𝑥, 𝑥)(6)
−1

In deriving this equation we used the definition of Q, the definition of y, and the
definition of inner product. Next we rewrite equation (5)
(𝑦, (𝑄 − 𝐴)𝑦) = (𝑦, 𝜆𝐴𝑥)
(𝑦, 𝑄𝑦) − (𝑦, 𝐴𝑦) = (1 − 𝜆)𝜆̅(𝑥, 𝐴𝑥)
(𝑦, 𝑄𝑦) − (𝑦, 𝑄𝑦) − (𝑦, (1 − 𝜔−1 )𝐷𝑦) − (𝑦, 𝑈𝑦) = (1 − 𝜆)𝜆̅(𝑥, 𝐴𝑥)
(𝜔−1 − 1)(𝑦, 𝐷𝑦) − (𝑦, 𝑈𝑦) = (1 − 𝜆)𝜆̅(𝑥, 𝐴𝑥)(7)

In obtaining (7) we used the properties of the inner product, the definition of y, and the
splitting of A. We can now add equations (6) and (7) however, before we do note that by
requiring that A be Hermitian we have the relations: (𝐷𝑦, 𝑦) = (𝑦, 𝐷𝑦), (𝐿𝑦, 𝑦) = (𝑦, 𝑈𝑦), and
(𝐴𝑥, 𝑥) = (𝑥, 𝐴𝑥), and finally D must be Hermitian as it is the diagonal of A. With these
relations in mind we add (6) and (7) to get:
(2𝜔−1 − 1)(𝐷𝑦, 𝑦) = (1 − 𝜆̅ + 𝜆̅ − |𝜆|2 )(𝑥, 𝐴𝑥)
(2𝜔−1 − 1)(𝐷𝑦, 𝑦) = (1 − |𝜆|2 )(𝑥, 𝐴𝑥)(8)
Now let us examine equation (8), the first term on the LHS must be positive because we assumed
that 𝜔 < 2 implying 2𝜔−1 − 1 > 0. The second term on the LHS must also be positive, this
comes from the fact that A is positive definite and therefore (𝐴𝑒𝑖 , 𝑒𝑖 ) = 𝐷𝑖𝑖 > 0. Furthermore,
(𝐷𝑦, 𝑦) = ∑𝑖 𝐷𝑖𝑖 𝑦𝑖 𝑦̅𝑖 and because 𝑦𝑖 𝑦̅𝑖 > 0 for all i, this expression is positive. From this we see
that the LHS is positive.
Consider the second term on the RHS of equation (8), because A Hermitian, then from
the definition of positive definite this quantity is positive. Finally this leads us to the logical
conclusion that for the RHS to be positive (which it must since the LHS is), then the following
must be true:

1 − |𝜆|2 > 0
|𝜆| < 1(9)
Because x was a general eigenvector of G we see that the spectral radius of G is less than
one, 𝜌(𝐺) < 1.We now have the crucial property needed to prove convergence.
Next recall a property of Hermitian matrices is that their eigenvectors are orthogonal and
span the space 𝐶 𝑛 . Therefore we can express the initial error vector in terms of the eigenbasis of
G, {𝑔𝑖 }.
𝑒 0 = ∑ 𝑐𝑖 𝑔𝑖
𝑖

Where 𝑐𝑖 is a constant. Recalling the recurrence relation for the error formula, we can
write the k-th error vector as
𝑒 𝑘 = 𝐺 𝑘 ∑ 𝑐𝑖 𝑔𝑖
𝑖

= ∑ 𝑐𝑖 𝐺 𝑘 𝑔𝑖
𝑖

= ∑ 𝑐𝑖 𝜆𝑖 𝑘 𝑔𝑖 (10)
𝑖

Here 𝜆𝑖 is the eigenvalues of G corresponding to the eigenvector 𝑔𝑖 . Taking the norm of
both sides (10) yields
‖𝑒 𝑘 ‖ ≤ 𝜌(𝐺)𝑘 ∑|𝑐𝑖 |‖𝑔𝑖 ‖
𝑖

‖𝑒 𝑘 ‖ ≤ 𝐶𝜌(𝐺)𝑘 (11)
Therefore, because of (9) we may complete the proof by saying
lim ‖𝑒 𝑘 ‖ = 0(12)

𝑘→∞

Thus we see that the method converges to the solution x, equivalent to saying the error
vanishes, and we see the error at each iteration is of the order 𝜌(𝐺)𝑘 .
Now that we have convergence and know how the error behaves at each iteration we can
make some general comments about the method. The speed at which the method converges
depends heavily on how large or small 𝜌(𝐺)is. The main idea of SOR is that by judiciously
selecting ω, we can make 𝜌(𝐺) as small as possible and therefore greatly increase the rate of
convergence. Unfortunately, there is no general formula for determining what ω should be.
Therefore heuristics are often used which provide a “good enough” value. Therefore the SOR
method offers an improvement, in the sense of convergence rate, over the Gauss-Seidel and
Jacobi method.
To conclude we present a comparison of each of the three iterative methods that have
been discussed. We used each of the three methods to solve the linear system 𝐴𝑥 = 𝑏 for three
systems of size 3x3, 5x5, and 10x10. All methods were initiated with the same starting vector 𝑥 0

and iterations were performed until the 2-norm of consecutive iterations fell below the tolerance
value, i.e. when ‖𝑥 𝑘+1 − 𝑥 𝑘 ‖ < 107 .

One point of interest about these plots are that our result regarding the behavior of error
can be corroborated by noting that in these plots the logarithm of the error is linear with respect
to the iteration. Furthermore the slope of the logarithm of the error is bounded by the spectral
radius of the reduction matrix. Finally, we note that we used a constant value 𝜔 = 1.25 in each
of the three examples. To examine how convergence is altered when 𝜔 is changed, we repeated
the solution of the 10x10 system for a range of ω within (1,2). The results are reported in the
table below:

We make the final comment that the value of 𝜔 clearly has a large effect on the number
of iterations required for convergence and that 𝜔 ≈ 1.8 corresponds to the optimal relaxation
factor and at this value 𝜌(𝐺) is minimized for this value.
To conclude, we have presented three of the traditional iterative methods for solving
linear systems. The benefits of these methods over direct methods are greatest when the linear
system is very large and sparse. We provided worked examples demonstrating how these
methods determine more accurate approximations at each iteration. Furthermore, since these
methods are for implementation on a computer we provided the (pseudo)code that can be used to
solve linear systems computationally. Finally, comparison between the how many iterations each
methods requires before reaching a solution was presented. This comparison highlighted the
improvement of each method over the previous in terms of increasing the convergence rate.
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